This paper shows that in a frictional labor market part of the productivity gains from general training will be captured by future employers. As a result, investments in general skills will be suboptimally low, and contrary to the standard theory, part of the costs may be borne by the employers. The paper also demonstrates that the interaction between innovation and training leads to an amplification of this inefficiency and to a multiplicity of equilibria. Workers are more willing to invest in their skills by accepting lower wages today if they expect more firms to innovate and pay them higher wages in the future. Similarly, firms are more willing to innovate when they expect the quality of the future workforce to be higher, thus when workers invest more in their skills.
Introduction
In modern economies, a large portion of human capital investments takes place within firms in the form of training. Most economic analyses of training are based on the paradigm introduced by Becker (1964) which suggests that a worker should pay for any general training which allows him/her to use the new skills when employed by other firms. Inefficiency occurs mainly because workers may be unable to pay for their training, and also unable to commit to not quitting their firm after employer sponsored training. Yet this source of inefficiency does not seem particularly relevant for many instances of training in the real world. For example, in Germany which has the most developed system of privately funded training, firms bear a large part of the cost of training while apprentices are often paid attractive wages (see for instance Harhoff and Kane, 1994) , and also in the U.S. firms often pay for the vocational training courses of their employees (see Bishop, 1991, or Acemoglu and Pischke, 1996 , for some numbers). This paper argues that the focus on credit market imperfections ignores an important source of market failure in training. Although workers may be willing to pay the present-discounted value of their increased future earnings to a firm which offers training 1 , this present discounted value is only equal to the social value of training in a frictionless labor market. As soon as the hypothetical world of the Walrasian auctioneer is abandoned and labor markets characterized by costly mobility and search are considered, workers will not receive their full marginal product in future jobs.
Because employer rents do not feature in workers' calculations, underinvestment in training will result. In other words, in an imperfect labor market future employers of a worker will also benefit from his skills. This is an externality that the decentralized market will not be able to internalize. It is important to contrast this mechanism to the one emphasized by the previous literature. In this paper the externality is between the worker and his future employer whereas previous literature has concentrated on the inefficiencies in investment, due to incomplete contracts and credit market imperfections, between the worker and his current employer (see Becker, 1964 , pp 93-95, Grout, 1984) . These inefficiencies often have simple solutions as soon as the extreme incompleteness of contracts is relaxed (for instance in the form of exit penalties for workers who quit their firms). In contrast, contractual arrangements to deal with the externality proposed here are not easy to develop; the worker cannot contract with his future employer because at the investment stage it is unknown who this future employer will be. This is not only a more appealing source of inefficiency than the one emphasized by the previous literature, but also I will argue that it offers possible explanations to a number of otherwise puzzling observations, such as the willingness of employers to bear part of the costs of general training, and the absence of significant wage increases after such training is completed.
Training is most essential when new technologies are adopted, or in the process of a radical change of environment, for example, the shift from low to high skill jobs taking place in most OECD countries today. In support of this view, survey evidence suggests that the availability of appropriate skills is a key determinant of innovation and technology adoption decisions (e.g. see Walling, 1988, Northcott and Vickrey, 1993) , and the efficient adoption of new technologies by Japanese firms is often attributed to their effective training strategies (e.g. Hashimoto, 1991) . My analysis will establish not only that innovation decisions will be distorted due to labor market imperfections, but also that the interaction of innovation and training decisions leads to an amplification of inefficiencies and to a multiplicity of equilibria. Intuitively, skills are more valuable to a firm which has the new technology, thus expected future wages of a worker depend on how many of his potential future employers have adopted the innovation. Similarly, expected profits depend on how skilled the future workforce is. As a result, when a greater number of firms adopt the innovation, workers expect higher wages from training and invest more in skills, and the profits from the new technology are higher. Therefore, profitability of innovation and of training will increase with the thickness of the market for trained
labor. An often made claim is that capital investments in less developed economies are limited because the workforce is not sufficiently skilled (for instance this is suggested in Rosenstein-Rodan's famous 1943 article pp.204-5). My analysis formalizes this claim and shows that the workforce may be unskilled because of lack of capital investments. Moreover, I also demonstrate that this result crucially relies on labor market frictions.
This paper is related to a number of contributions in the literature. First, a number of recent papers have analyzed the physical capital investments and schooling decisions in labor markets characterized by search, e.g. Acemoglu (1996a) , Burdett and Smith (1996), Laing, Palivos and Wang (1995), Robinson (1995) and Saint-Paul (1996) . For instance, Acemoglu (1996a) shows how the return to a worker can be increasing in the skill level of competing workers. Laing, Palivos and Wang (1995) and demonstrate how education choices interact with wage determination and affect the growth rate in a search economy. In their paper, a more efficient matching technology encourages workers to invest more in education, and increases the growth rate. However, these papers neither deal with training choices nor identify the externality proposed in this paper. It is therefore not possible to understand why firms pay for training and whether training decisions will be efficient. Also, the interactions between adoption of new technologies and skills of workers, which appear to be important in practice, are not treated in the previous literature. Acemoglu and Pischke (1996) develop a model where workers do not pay for their general training, but the key ingredient is the superior information the initial employer has over future employers regarding the ability of their employees.
Another closely related literature concerns multiple equilibria in macroeconomics.
This literature has identified two channels for agglomeration of activity and multiplic-ity of equilibria; the first is technological externalities, as in Durlauf (1993) , and the second is aggregate demand externalities as in Kiyotaki (1988) Robinson (1995) more schooling leads to higher firm profits; this induces further entry by firms, increasing the likelihood of employment and the incentives to invest in skills for workers. In contrast, the source of multiplicity in this paper is the fact that skills are more valuable to firms with the new technologies combined with the externality identified between the worker and his future employers.
The plan of the paper is as follows. Section 2 presents the environment, derives the efficient allocation and characterizes the Walrasian equilibrium. Section 3 contains the main results of this paper. First, I abstract from innovation decisions and show how underinvestment in training occurs, then I illustrate how multiple equilibria can emerge from the interaction of training and innovation. Section 4 includes some extensions. The appendix contains a more detailed analysis of the equilibrium of the economy in the absence of labor market frictions.
The Model and Competitive Equilibrium 2.1 Description of the Environment
Consider an economy consisting of a continuum of risk-neutral workers and riskneutral firms. Each group has mass 1. All agents have discount rate equal to r and enjoy the consumption of the only good of this economy. The economy lasts for T periods. I will start with the case of T = 2 and will later consider T = ∞ to give an idea of the possible magnitude of the effects discussed here and also to illustrate the possibility of delay. Each firm has access to a Leontieff production function which requires one worker and produces per period output equal to y. A worker or firm on its own produces nothing.
Output of a pair can be increased by investment. There are two types of investments which can only be undertaken in period 1 and affect productivity in periods t ≥ 2. The first is an investment in new technology (or innovation). At cost δ the firm can acquire a new machine. The important assumption here is that it is necessary for the property rights over the machine to be vested in the firm. If the employment relation between the firm and the worker ends, the machine will stay with the firm.
The second type of investment is in the general human capital of the worker. The worker can acquire τ units of general human capital, but this reduces the output of the firm in the first period by c(τ ). Whether the firm or the worker incurs this cost is immaterial since throughout the paper I assume that there are no credit constraints or equivalently that utility is transferable. Human capital is general in the sense that the worker can use his skills with any firm. Also:
Assumption 1 c(.) is differentiable, strictly increasing and convex and c(0) = 0.
And ∃τ s.t. lim τ →τ c(τ ) = ∞.
Therefore, the level of training is chosen from a set [0,τ ] and the cost function is strictly convex. Let γ j = 0 denote that firm j does not have the new technology and γ j = 1 that it has the new technology, and τ i is the training level of worker i. The productivity of worker i and firm j in all periods t ≥ 2 is assumed to be equal to
Assumption 2 α(0, τ) = α 0 τ and α(1, τ) = α 1 τ, ∀τ , and α 0 ≤ α 1 .
This assumption implies that training and investment in new technology are complements. This is important for the multiplicity result, but also very plausible. A sizeable empirical literature starting with Grilliches (1969) establishes the complementarities between physical and human capital, and Bartel and Lichtenberg (1989) show that firms which adopt new technologies are more likely to train their workers.
There is a final feature of the technology which needs to be specified. At the end of every period that worker i and firm j are together, there is a probability s ∈ (0, 1), that the pair receives an adverse match-specific shock which reduces their output to 0 in all future periods. After such a shock, both parties can try to find new partners for production.
It is important to reiterate that since the output of a pair does not depend on the decisions of other agents in this economy, there are no technological externalities.
Further, since utility is perfectly transferable across all agents, there are no credit market constraints nor aggregate demand externalities.
The Pareto Optimal Allocation
Since there are no social costs of allocating workers to different firms in the second period (i.e. s does not matter), the efficient allocation can be determined by maximizing the joint surplus of the partnership with respect to γ and τ , which is:
This problem will have a solution with either γ = 0 or 1. It is clear that if γ = 0, the optimal level of training is given by τ l such that
In contrast, when γ = 1, the efficient level of training is τ h such that
Given the strict convexity of c(.), both τ l and τ h are uniquely defined.
Assumption 3
(
Part (i) of the assumption ensures that (1) has a unique solution where γ = 1 and it ensures that when all workers choose τ l , investment in the new technology is no longer desirable.
Equilibrium Without Frictions
I now characterize the equilibrium of this economy in the absence of labor market frictions. In this subsection, I will only state the existence of a unique and Pareto optimal Walrasian allocation, which is not surprising in view of the second welfare theorem. The Walrasian allocation is not the only possible benchmark equilibrium in the frictionless case, and it is in fact quite a stringent equilibrium concept as it requires all trades to take place at time t = 1. An alternative is to characterize the subgame perfect equilibria of the game in which firms and workers trade in each period and there are no frictions nor costs of changing partners. This different approach is taken in the Appendix and will yield the same result.
To define the equilibrium concept more formally, let w(τ ) be the price at which the labor services of a worker with training τ is traded at time t = 2, and v(τ ) be the price at which a firm can hire the labor services of a worker at time t = 1 if it promises to provide an amount of training τ to this worker (note that there is no enforceability problem related to this promise). Also denote the excess demand for the services of workers with training τ at time t = 2 by e 2 (τ ), and the excess demand from firms offering training τ at time t = 1 by e 1 (τ ) The proof follows immediately from the discussion in the Appendix. This proposition states that the unique Walrasian equilibrium is Pareto optimal. Therefore, in the rest of the paper, I will take the Pareto efficient allocation as the unique benchmark equilibrium in the absence of labor market frictions. It is also straightforward to see that in this unique equilibrium, the worker is bearing the full cost of training, in the sense that v(τ ) = v(0) − c(τ ). In other words, in the first period, the worker takes a wage cut equal to the cost of training he is receiving. This is an important, and well known (see Becker, 1964) , feature of the frictionless economy.
3 Equilibrium in an Imperfect Labor Market
Description
All the technological features are the same as above but the market mechanism is different. In particular, there is no spot labor market with an auctioneer calling out wage functions to regulate trade. Instead, in each period, workers and firms looking for a new partner have to engage in costly search as in the models of Diamond and Maskin (1979) , Diamond (1982) , Mortensen (1982) and Pissarides (1990) . In particular, agents will be matched one to another randomly, and all parties will have a partner, thus there will be no unemployment. The assumption that every agent finds a partner is in order to demonstrate that the difference between the competitive and non-competitive economies is not due to the presence of unemployment (see section 4.3 for unemployment). There is however no guarantee that the firm with the investment in the new technology will be matched with the worker who has more training:
thus the matching technology is random (as is the norm in this type of models, see for instance, Sattinger, 1995, Coles, 1995, or Acemoglu, 1996b) . This is an important difference between the competitive and frictional environments since in the absence of frictions, the high training workers will always produce with the firms which possess the new technology (see Lemma 1 in the Appendix for more details).
This aspect of the technology will be discussed in more detail later. Finally, to simplify the analysis I assume that after the initial random match between a firm and a worker, breaking the match and looking for a new partner within the same period is excessively costly, thus workers and firms who are matched together will find it profitable to reach agreement.
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How are wages determined? Since there is no spot labor market, wages cannot be equal to the opportunity cost (outside option) of both sides. This implies that there will be some rent-sharing. The most common way of dealing with this is bargaining, and any bargaining rule will yield the same results. Here I adopt the bargaining solution suggested by Shaked and Sutton (1984) [see Acemoglu, 1996a Appendix A 2 Formally, a firm and a worker incur a cost ζ when they break a match within a period and find a new partner (for instance, the value of foregone production in the process of search). The limit point with ζ = 0 is the competitive equilibria analyzed the Appendix. Here, I am assuming that ζ is large enough that no break-up ever occurs. This assumption is of no major importance. Appendix A of Acemoglu (1996a) proves, in a similar setting, that even for very small costs of breaking-up, the same equilibrium will be obtained. The same proof can be applied in this setting quite easily, but since it is of tangential interest for this paper, I will only give the intuition. All the equilibria of interest will be symmetric in the sense that all workers will have the same level of training and all firms will have the same technology. Thus, by breaking up, the firm will find itself in exactly the same bargaining situation with another worker, and in the subgame perfect equilibrium, it will get the same share of the surplus (see Shaked and Sutton, 1984) . This reasoning also applies to workers. Therefore, for all positive values of ζ, the conclusions of the analysis of large ζ will apply. Only at the limit point of no frictions, ζ = 0, the results of the previous section and the Appendix will be valid.
for details and a game-theoretic derivation in the context of search models, see also Binmore, Rubinstein and Wolinsky, 1985] . According to this bargaining rule, as long as both parties are getting more than their outside options, the gross surplus of the partnership is shared. In the current context this simply implies that the worker will get a proportion β of the total surplus and the firm obtains the remaining 1 − β proportion. Also, in order to emphasize the novel source of inefficiency in this paper, rather than simply force the firm and the worker to bargain over current output, I
assume that a firm and a worker who are together can write a completely enforceable and binding long-term contract to determine the future divisions of surplus. More explicitly, worker i and firm j, if together at time t = 1, can write a contract that specifies future contingent transfers between themselves and therefore will share the present discounted value of the total surplus of the partnership.
Underinvestment in Training
This subsection will demonstrate inefficiency in training investments due to labor market imperfections. We will also find that firms could now be willing to bear part of the costs of general skills as we observe in practice. To focus on the main point, I assume that α 0 = α 1 , and δ = 0, thus the decision to invest in the new technology is irrelevant. In this case the Pareto optimal (and Walrasian equilibrium) amount of training is given by
To characterize the equilibrium, start with the problem of worker i and firm j 0 who meet in period t = 2 after being separated from their respective partners. Given the assumptions, they will simply split the overall surplus which is equal to y + α 0 τ i , thus the worker gets a wageŵ i = β(y + α 0 τ i ). I can now analyze the problem of worker i and firm j at t = 1. Recall that this pair can write a long-term contract which specifies; (i) a first-period wage; (ii) training level; (iii) a second-period wage if the firm and the worker are together in the second period; (iv) when to terminate the relation; (v) a transfer from one party to the other if there is a termination.
If the adverse shock causes the productivity of the pair to diminish to zero, it is mutually beneficial to terminate the relation (by terminating both parties will get a positive return whereas without termination, they will both get zero), and the worker pays the firm the agreed transfer f . If there is no adverse shock, worker i and firm j produce together in the second period and the firm pays the worker the contractually determined wage w. Let us denote the training level by τ , the first period wage by v, and the distribution function for training among workers by q(τ ). Since the firm and the worker can write a long-term contract and utility is perfectly transferable, τ, v, w and f will simply be chosen to maximize the total surplus of the relationship.
This total surplus is given as:
. (2) Let us now carefully review the terms that make up (2) . The last term is the cost of training that the relationship incurs immediately. All benefits accrue in the second period, hence the discounting. With probability (1 − s), there is no adverse shock and the relationship continues. In this case, irrespective of the value of the second period wage w, the total surplus is y + α 0 τ , thus w only determines the distribution of the surplus. The more involved case occurs with probability s, when there is a separation. In this case the worker pays f to the firm. Nevertheless, f does not feature in expression (2) since it is a pure transfer. 3 This is similarly the reason why w and v are not in (2); they do not influence the marginal incentive to invest in training. After the separation, the firm and the worker find new partners and bargain. The worker obtains a proportion β of the surplus with his new firm which givesŵ = β(y +α 0 τ ) as his second-period wage. Similarly, the firm obtains a proportion 1 − β of the output that the new worker produces, thus its return is (1 − β)(y + α 0τ ). (2) is obtained by taking expectations overτ and noting that the subsample of workers who are looking for a match in the second period is randomly drawn from the population of workers since all pairs face the same probability of separation. The following proposition is
Proposition 2 There is a unique equilibrium in which all pairs choose a level of trainingτ in the first period such that
Proof: Differentiating (2) and the worker gets a share β of this which can be made up of different linear combinations of v, w and f .QED
There is a unique equilibrium with underinvestment in training. The reason is intuitive. In the competitive equilibrium, in the second period the worker obtained 100% of the increase in productivity due to training, and was therefore willing to pay the cost. In contrast, here with probability s an unknown third-party, the future employer, is getting a proportion (1 − β) of the benefit. Underinvestment in training results because the rents accruing to this third party do not feature in the calculations of the worker and his current employer.
Although the firm and the worker can write complicated and binding contracts, the externality is not internalized. The positive externality is onto the future employer, therefore the crucial variable that the firm and the worker would like to contract upon isŵ, the wage in the second period after the worker separates from the current firm and finds a new employer. However, at the time of training it is not known who this future employer will be, thus contracting with this firm is not possible. This incompleteness of contracts between the worker and his future employers is therefore crucial for the underinvestment result.
This discussion also implies that there two types of contracts, not allowed in the analysis, which would help with the inefficiency. The first, contract 1, would involve the firm and the worker writing in their contract that if in the second period the worker has a new employer, this new employer has to pay a certain amount, P (τ ), to the initial firm, otherwise the worker is not allowed to work. The second, contract 2, works similarly, but requires the new employer of the worker to pay a certain wage to the worker. For instance, conditional on a separation in the second period, if
w < x, thenf = F and ifŵ ≥ x, thenf = 0 wheref is the punishment imposed on the worker for breaking the terms of the contract (say as a payment to his initial employer). It is straightforward to obtain the following corollary to Proposition 2.
Corollary 1 If contract 1 can be written and enforced, then P (τ ) = α 0 τ would implement the efficient training τ h . If contract 2 can be written and enforced, then the efficient level of training, τ h , can be implemented with x = α 0 τ , and F large enough.
The proof of this corollary is immediate from the discussion and is thus omitted.
Both contracts work in the same way: they impose an obligation on the future employer by forcing it to make a higher payment. This is of course intuitive since as noted above, training creates a positive externality on the future employer, and these contracts ensure that this firm contributes to the costs of training. In the first case, the payment imposed on the future employer is a transfer fee to the initial employer, and in the second it is a sufficiently high wage payment to the worker. Since complete contracts between the worker and his initial employer are possible, whether the initial firm or the worker gets the future payments is of no consequence, hence both contracts essentially achieve the same goal.
However, both types of contracts are very difficult to implement precisely because they impose obligations on a party who is not part of the contract, and are thus not legally enforceable. In fact, contracts which enable a worker to unilaterally determine his future wages (by committing not to work for less) would certainly distort a number of important economic decisions (e.g. firm entry and investments), and would be very hard to enforce. Also in a more general model, contracts of this type will often hurt the worker by reducing his future employment opportunities. There will also be some more specific problems with these contracts, for instance, with contract 2, if the worker and the new firm can distort the observation ofŵ, the bargaining between them will lead to a wage less than x, but they will report the wage to be x. When this possibility is present, anticipating that the equilibrium wageŵ will be less than
x, training investments in the first period will still be suboptimal.
It is also interesting to note that an example of contract 1 was actually used in the market for European football players. This contract which required a new team to pay a transfer fee to the player's previous club has been recently challenged and declared unlawful in European courts precisely on such grounds (the Bosman Case, September, 1995). Overall, it is safe to presume that such contracts are not possible and that there will therefore be underinvestment in training. Nonetheless, despite the implementation difficulties, the fact that such contracts were tried suggests that the externality this paper emphasizes is important. Interestingly, if the market failure emphasized by the previous literature (i.e. externalities between the worker and his initial employer) was substantial, we would expect the transfer fee to be from the player to his previous club. Although star soccer players are far from being liquidity constrained, such contracts are not observed.
The emphasis on the inability to contract with future employers does not however imply that the results are driven by incomplete contracts rather than frictional labor markets. Both the need to write such a contract and the inability to do so are intimately related to the frictions in the labor market: in the perfectly competitive economy of section 2.5, because all workers are always paid their marginal product, there was no need to write a contract with the future employers. Also, it is precisely the decentralized nature of the labor market which makes it impossible for the worker to sign a contract at t = 1 with all possible future employers (i.e. a grand contract between all workers and all firms). Therefore, the key results of this paper are driven labor market frictions, but they also rely on the impossibility to write contracts with future employers.
Another important implication of this approach is that v, w and f are not individually determined; the only equilibrium requirement is that the overall share of the worker be equal to a proportion β of the total surplus. Therefore, it is not possible to infer the productivity of training from the wage-profile of the worker. This observation explains a number of otherwise puzzling findings. For instance, Pischke (1996) looks at the further training offered by German firms. Because this is a voluntary activity on both sides, both the worker and the firm must benefit. Yet, although workers report that the skills they acquire are general, there is no increase in the wage after training. My model suggests that this puzzling observation may be due to the fact that the worker is paid for his future productivity increase during training (i.e.
high v and low w), and more importantly, in contrast to the economy with perfectly competitive labor markets, he cannot costlessly change employer and obtain his full marginal product after training; in other words, the firm is able to capture some of the increase in productivity due to the additional skills. Therefore, in contrast to the competitive benchmark as analyzed by Becker (1964) , the firm will often have an incentive to bear part of the training costs, because due to hold-up by future employers, the worker will only have limited mobility. Therefore, the model offered in this paper is capable of explaining the prevalence of firm sponsored general training (see Harhoff and Kane, 1994 , for German, Jones, 1986, for British, and Bishop, 1991, or Acemoglu and Pischke, 1996, for US evidence on this).
Finally, the model also predicts an inverse relation between s (turnover) and train-ing. In particular, when s = 0, there are no external effects on future employers, and the equilibrium is efficient. The greater is s, the larger is the likelihood that the skills of the worker will be used by some future employer, and the more serious is the inefficiency. This negative correlation between training and turnover is often found in the data (see for instance OECD, 1994) and is argued to be related to market failure in training in Anglo-Saxon economies (e.g. Blinder and Krueger, 1991) . Although the standard Beckerian model of training would predict an inverse relation between turnover and firm-specific human capital, a large portion of the investments that take place in German and Japanese firms appears to be general (see for instance Tan, 1990 , Harhoff and Kane, 1994 , Acemoglu and Pischke, 1996 . Moreover, it is socially optimal to have an inverse relation between firm-specific training and turnover. Therefore, existing models neither explain the high levels of general training in low turnover markets nor substantiate the claim that low training induced by high turnover is a market failure. This model accounts for the negative correlation and suggests why this may be indicative of inefficiencies in the amount of general training.
New Technologies and Multiple Equilibria
In this subsection I reintroduce the technology choice and demonstrate that the interaction between innovation and training can lead to the existence of multiple equilibria.
The presence of multiple equilibria can be interpreted to imply that similar economies may have very different outcomes due to small differences in environments; or that the inefficiency introduced in the last subsection is much amplified as a result of the new interactions; and/or that some less developed economies do not generate investments in new technologies and have highly unskilled labor forces as a result of a coordination failure.
The same ingredients as before lead us to write a program similar to (2) to be maximized with respect to γ and τ (again w, v and f are just transfers):
where φ is the proportion of firms with the new technology, and since s hits pairs irrespective of their characteristics, φ is also the proportion of firms with the new technology in the subsample of firms looking for a new worker in period t = 2. The rest of the expression (3) has exactly the same intuition as (2), the only new feature being that when γ = 1, there is an increase in productivity equal to (α 1 − α 0 )τ for a firm employing a worker with trainingτ . Note that if the adverse productivity shock does not hit a pair, they are assumed not to separate (see next section).
The next result characterizes the equilibrium of this economy. First I introduce two conditions which will be useful in the statement of this proposition.
Condition 1
Condition 2
In words,τ h is the level of training a pair would choose when they decide to adopt the new technology and when they anticipate φ = 1 (i.e. all other firms are also adopting the new technology). The only difference betweenτ h and the efficient amount τ h arises because of the underinvestment effect identified in the previous subsection; the firm and the worker recognize that with probability s, the worker will have a new employer who will capture a proportion 1−β of his additional productivity. Proposition 3 There can be two types of pure strategy symmetric equilibria A: All pairs innovate (φ = 1) and all workers choose τ =τ h .
B:
No pair innovates (φ = 0) and all workers choose τ =τ l .
(i) If conditions 1 and 2 hold, then both A and B are equilibria and A Pareto dominates B.
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(ii) If condition 1 holds and 2 does not, then A is the unique equilibrium, (iii) If condition 2 holds and 1 does not, then B is the unique equilibrium.
Proof: Suppose φ = 1 and worker i and firm j decide to adopt the technology.
Then the F.O.C. of (3) with respect to τ givesτ h . When all other pairs also expect φ = 1 and innovate they will also chooseτ h , thus q(τ ) has all its mass atτ h , therefore the return from adopting the innovation is given by the LHS of Condition 1. Now suppose that worker i and firm j deviate and do not innovate. Since φ = 1, the F.O.C. will give (1 − s)α 0 + βsα 1 = c 0 (τ ) which isτ l . Because all other workers have training levelτ h , in case of separation the firm expects an additional (1−β)α 0τ h , thus the profit to deviating is given by the RHS of Condition 1. If Condition 1 holds, then deviating is not profitable and there exists an equilibrium with φ = 1 and τ =τ h .
Similarly, if φ = 0, a pair not innovating would chooseτ l and anticipating that τ i =τ for all workers, the expected surplus will be given by the LHS of Condition 2. If a pair deviates and decides to innovate, then they will choose a level of trainingτ h , and the total surplus is the RHS of Condition 2. Thus when this Condition holds, there is an equilibrium with φ = 0 and τ =τ l . If both conditions hold, both allocations are equilibria. Since Assumption 3(i) holds, high training is preferred and thus atτ h and γ = 1, all agents are better off compared to an allocation withτ l and no innovation. product of the worker will be α 1 τ rather than α 0 τ . Hence the larger is φ, the higher is the desired level of training. Now let us look at the problem facing the firm. The profitability of innovation will depend on expected profits in case of separation which
Therefore, expected profits after a separation are increasing faster in γ when the expected skill level of the future workforce, Rτ dq(τ ), is higher. Thus, firms are more willing to invest in new technologies when they expect future employees to be skilled. Further, when other firms are adopting the innovation, a pair that adopts the technology will choose a higher level of training, φ will be larger, average training will be higher, and innovation will be more profitable, hence the multiplicity of equilibria. An interesting question is whether the random matching assumption, that a high training worker has exactly the same probability of matching with a firm with the new technology as a low skill worker, is important for our results. It is first easy to see that the results of subsection 3.2 on inefficient training investments are not affected: these results were derived with all firms having the same technology, and were driven only by the impossibility to write contracts with future employers. In this subsection, in contrast, random matching plays an important role since there is potential heterogeneity on both sides. In particular, the intuition for the multiplicity of equilibria is that the thickness of the market for skilled labor, φ, matters: when only a few firms have the new technology, it is not worthwhile to acquire additional skills. This intuition does not hold with competitive markets because as Lemma 1 in the Appendix proves, irrespective of the value of φ, the same wage rule applies.
However, the extreme random matching assumption is of no major consequence. This is because both conditions 1 and 2 are for the cases in which all firms make the same decision. Therefore, irrespective of the matching technology (as long as we are not in a fully Walrasian market), these conditions will be valid. 6 Thus even when the assumption of random matching is relaxed (e.g. high skill workers having a higher probability of matching with high technology firms, see Acemoglu,1995) , the results of this paper would not be affected at all. This again reiterates the main conclusion of the previous subsection that some degree of labor market frictions and the inability to write contracts with future employers are the crucial ingredients for the results of this paper.
A Simple Example and Some Numbers
To obtain the intuition more clearly, and to help us assess the possible magnitude of the mechanism proposed here, consider the following simple example where τ This will be equal to (1 − s)
Since in this case a pair would only invest in training when they adopt the new In this simple example it is easier to see the exact reason for the multiplicity of equilibria. In the Walrasian economy a trained worker will always find a firm with the new technology which can make use of his skills, thus the marginal return to more training is always α 1 irrespective of the value of φ (see Lemma 1 in the Appendix).
In contrast, in the economy with frictional labor markets, the likelihood of finding a firm with the new technology is φ, and the likelihood of finding the right worker for the firm is φ. Therefore, the thickness of the market for trained workers (and for firms with the new technology) plays a crucial role in the absence of the Walrasian auctioneer. This reasoning also establishes that for the claim that less developed economies may have a low skill workforce because there is limited investment, labor market imperfections are necessary; this claim is not true in a competitive labor market.
How important is this interaction? Take T = ∞, and consider the example with only τ = 0 and τ = 1 discussed above. When all other firms adopt the innovation, the profit is equal to
Whereas when no other firm adopts the innovation, the return is equal to 
Extensions

Delay and Inefficiencies
The assumption so far has been that all investments have to be made during period t = 1. If a firm does not adopt the innovation at this date, it can never adopt it in the future. This is a strong assumption since most new technologies can be adopted any time after they become available. To show how the results change, I use the simple example introduced at the end of Section 3 where τ = 0 or τ = 1 but take the horizon to be infinite, i.e. T = ∞. I also assume that the firm and the worker can decide to adopt the new technology and invest in training at any point. If training and innovation are adopted at time t * , productivity is equal to y + α 1 in all periods t > t * .Without either training or innovation, output is equal to y.
Let us suppose that all other pairs adopt the new technology at date t = 1, thus the proportion of firms with the new technology and the proportion of workers with high training are both equal to φ t = 1 for all t > 1. Now consider worker i and firm . I assume in the rest of this section that this inequality holds so that T S 1 > T S 0 , and I will then show that this is not sufficient to ensure the adoption of the new technology when delay is possible.
When the firm has an option to delay, it can follow the strategy of adopting the new technology whenever it receives a worker who is already trained. The firm will produce y until the worker leaves and a new worker arrives, and this happens with probability s. Since φ t = 1 for all t, the new worker will be trained, thus only the adoption cost has to be incurred. 7 Therefore, the surplus from that point onwards is
The firm will get a proportion (1 − β) of this amount. Turning to the worker, as soon as he is separated from his initial firm, he will meet a firm with the new technology and the total surplus to be shared at this point between this worker and his new firm is T S w = (1+r)y+α 1 r − c; because the firm already has the innovation, the partnership only needs to pay the cost of training. The worker will receive a proportion β of T S w .Then, the total surplus of worker i and firm j at time t = 1 is given as T S d where
In words, in every period there is a probability s that the worker and the firm will separate. If separation, occurs, the firm will get (1 − β)T S f and the worker will get βT S w . Substituting for T S w and T S f gives:
For the innovation to be adopted immediately, it is also necessary that T S 1 ≥ T S d .
Given T S 1 > T S 0 , it is immediate that T S d > T S 0 . Therefore, the condition for all firms to adopt the new technology and train their workers has become tighter. More specifically, when firms can delay innovation and training decisions, an equilibrium in which all firms invest at t = 1 requires α 1 > r(δ + c) + s(1 − β)c + sβδ which is considerably more restrictive than the condition for innovation and training to be an equilibrium in the absence of the option to delay which was α 1 > r(δ + c).
Intuitively, the skill level of the future workforce of this economy is a public good from which all firms benefit (and similarly, the innovation level of firms is a public good from which all workers benefit). When the investment opportunities can be delayed, agents can free-ride and reduce their contribution to these public goods by delaying their adoptions and this increases the extent of inefficiency. 
Opportunistic Separations
The analysis in Section 3 assumed that worker i and firm j only separate if they receive the adverse productivity shock. This can be formalized by assuming that both sides incur a cost equal to B when they end their current relation and look for a new partner. If B is sufficiently large, they will not want to separate in the absence of an adverse shock, but when such a shock arrives, they are forced to end the relation. If B is not too large, then the possibility of voluntary separations may affect innovation decisions. In particular, suppose that worker i and firm j who have not invested in the innovation, and all other pairs have. In this case, after a separation worker i will get a firm with the new technology, and firm j will get a more trained worker. Therefore, the incentives not to invest in the first period and separate opportunistically at t = 2 will be stronger. The previous version of the paper established that with this modification, Proposition 3 still applies as before, but a more stringent condition replaces Condition 1. Condition 2 will remain unchanged since a firm and a worker choosing innovation and high training while others do not will never want to separate voluntarily. Because the new condition is more stringent, it is possible that the multiplicity of equilibria is replaced by a unique equilibrium with low training and no innovation. In any case, inefficiencies are now more serious. 
Unemployment
The analysis so far has not allowed for unemployment. The main reason was to clarify the crucial differences between a competitive economy and one characterized by fric-8 Gale (1995) contains a more general analysis of the efficiency consequences of delay in a model with pay-off externalities. Chamley and Gale (1995) illustrate the consequences of delay in a model with informational externalities. Shleifer (1986) shows the possibility of delay in the context of a model with aggregate demand externalities.
9 Details are available from the author upon request.
tional labor markets. The presence of unemployment does not change any of the key results, but yields some additional insights. To illustrate the effects in the simplest possible way, consider the case in which workers anticipate that if they separate they face a probability of unemployment, p u > 0, and that training is useless to an unemployed worker (and also unrealistically that training does not change the probability of unemployment). This formulation immediately implies that a higher probability of unemployment, p u , which is naturally associated with a higher unemployment rate, reduces the incentives to invest in training, and therefore, the incentives to invest in new technologies.
10
This insight also sheds light on a famous debate started by Habakkuk (1962) .
Habakkuk claimed that the reason technological progress was faster in the U.S. than in the U.K. during the nineteenth century was the shortage of labor in the U.S. which forced firms to innovate. However, this thesis is not consistent with the fact that most new technologies during this period were not labor saving (see MacLeod, 1988) .
The model of this paper implies that high unemployment discourages innovation despite the fact that new technologies and labor are complementary, and it offers an explanation for why the lack of labor shortage in nineteenth century Britain may have slowed down labor augmenting technological change.
Conclusion
This paper analyzed innovation and training decisions in a fricitional labor market and offered two key results. First, workers do not have the right incentives to invest in general training because they anticipate that part of the productivity gains created by training will be captured by their future employers. This inefficiency in training, in contrast to others proposed in the literature, does not depend on an extreme form 10 Also this channel can lead to a further multiplicity of equilibria. In one equilibrium, unemployment is high, therefore workers do not want to invest in skills, this reduces profitability of firms, and as a result, few firms enter, supporting an equilibrium with high unemployment. Details, which were included in previous versions, are available upon request.
of incompleteness of contracts between a worker and his employer, nor does it require credit market imperfections. Also with competitive markets, workers bear the full costs of general training, whereas with labor market frictions, firms may be willing to pay part of the costs of training. Second, if there are also investment decisions in new technology complementary to the skills of the workers, then the inefficiency in training is increased and a multiplicity of equilibria emerges. If a large number of firms are expected to adopt the new technology, workers expect their future productivity to be higher and are more willing to pay for general training. In contrast, there can also be a coordination failure equilibrium where firms do not adopt the innovation and workers choose a low level of skills. The multiplicity of equilibria does not rely on technological spillovers or aggregate demand externalities, it is instead driven by labor market frictions.
Appendix: Non-Walrasian Equilibria Without Frictions
The analysis in subsection 2.3 treated a frictionless labor market as a market coordinated by a Walrasian auctioneer. This is not the only possible interpretation. The crucial imperfection in the economy of section 3 is that workers and firms cannot costlessly change partners (within a period). Thus a natural benchmark is the limit point where there are no costs of changing partners. However, this is not necessarily the same as a Walrasian equilibrium. Instead it is the (subgame perfect) equilibrium of a game in which firms compete a la Bertrand in each period for all the workers.
Let me refer to this equilibrium as a weak competitive equilibrium 11 and characterize these equilibria in this appendix.
The game underlying the weak competitive equilibrium is as follows: at all times where τ is the amount of training that the employer will provide during this period.
An equilibrium is a sequence of functions {w t (τ )} T t=2 and v(τ ) such that all agents' demands are satisfied at the time t spot labor market for all t.
12 Note the difference between this equilibrium concept and the Walrasian one: here the market for worker with training τ only needs to clear if there are workers of training level τ . In contrast, with the Walrasian equilibrium, even if there are no workers with training level τ, we still have to find a price w(τ ) such that at this price, no firm wants to hire workers 11 This is an equilibrium concept first proposed by Hart (1979) and Makowski (1980) in the context of monopolistic competition, and referred to by Allen and Gale (1988) as conjectural equilibrium. I use the term weak competitive equilibrium to emphasize the fact that this is concept is used implicitly as the competitive equilibrium concept but it is weaker than the Walrasian equilibrium.
12 Since firms are competing a la Bertrand, the requirement that markets clear, and the offers are best-response to each other are equivalent.
with training level τ and no workers want to obtain training τ rather than some other level. Thus, it is must be clear that a Walrasian equilibrium is a weak competitive equilibrium but not vice versa.
Let me start with the last period of this economy, t = T = 2, and denote the proportion of firms with γ = 1 (i.e. the firms with the new technology) by φ. There will be some pairs of workers and firms who cannot work together [that is, if worker i and firm j were together in period t = 1 and received the adverse shock], but this will not create any problem unless φ = 0 or φ = 1 because there will be a continuum of firms that can employ each worker. Before the next result, I also define, as in the text, q(τ ) as the distribution function of workers with trainingτ in period t = 2.
Lemma 1 Suppose 0 < φ < 1, then in all t = 2 competitive equilibria, workers with τ ≥ τ * work with firms that have γ = 1 and workers with τ < τ * work with firms that have γ = 0 where τ * is such that q(τ * ) = 1 − φ. For any training level τ at which there exist a positive measure of workers, wages are given by
where a − (α 1 − α 0 )τ * = b.
Proof: The proof is by contradiction. I first prove that no other allocation rule can be equilibrium, then given the allocation rule, I show that only the wage function in (6) is equilibrium.
Suppose that a worker with τ 0 > τ * is employed by a firm without the innovation,
. Let the profit of this firm from hiring worker τ * be π
Suppose this last inequality is true.
Then because a firm with the innovation must be indifferent between hiring τ * and τ 0 ,
gives a contradiction. This implies that all workers with τ ≥ τ * are hired by firms that have γ = 1, and therefore, all workers with τ < τ * must be hired by firms with γ = 0. Now take this allocation rule as given. Take two training levels τ 00 > τ 0 ≥ τ * . Then firms with the innovation must be indifferent between hiring any of these two workers, thus w(τ 00 ) − w(τ 0 ) = α 1 (τ 00 − τ 0 ) which gives the first part of (6). Next consider two workers with τ 0 < τ 00 < τ * . The same reasoning implies w(τ 00 ) − w(τ 0 ) = α 0 (τ 00 − τ 0 ).
Thus the second part of (6) is obtained. Now consider τ 00 ≥ τ * > τ 0 . Since a firm with γ = 1 is hiring τ 00 , we require π 1 (τ 00 ) ≥ π 1 (τ 0 ) where π 1 (τ ) denotes the profit that a firm with the new technology makes from a worker with training equal to τ . Thus, it is necessary that w(
Since this has to be true for all τ 0 ≤ τ * , then we also have
Next a firm without the technology can always hire τ * , and obtain profits equal to
This firm is currently making profits equal
with the previous inequality, we get b = a − (α 1 − α 0 )τ * , which completes the proof.
QED
An important result contained in this lemma is that the allocation of workers to firms will be optimal; high training workers will be employed by firms that have the new technology. Moreover, irrespective of the skill distribution of workers, firms with the new technology will pay the marginal product of a worker, thus they will be indifferent to the exact training of the worker they hire in equilibrium. Also note the statement in the Lemma which requires some positive measure of workers to have training τ for the above wage rules to apply. This requirement is not necessary when we are considering a Walrasian equilibrium. But as noted above, with the weaker definition, only commodities which are actively traded can be priced.
Also, the above lemma is for 0 < φ < 1. If instead φ = 0, there is no demand from firms that have the new technology, thus wages are simply given as:
and similarly when φ = 1, w(τ ) = y + α 1 τ −â, forã andâ non-negative.
Proposition 4 Assume that Assumption 3 holds, then there exist exactly two weak competitive equilibrium allocations.
(i) φ = 1, and all workers choose τ h .
(ii) φ = 0, and all workers choose τ l .
Proof: Part A shows that (i) above is an equilibrium. Part B shows that (ii) is
an equilibrium and Part C shows that there are no others.
Part A: Suppose all firms choose to invest in the new technology so that φ = 1.
Then w(τ ) = y + α 1 τ − a, and each worker knowing that his wages will be higher by α 1 τ is willing to pay up to the point where α 1 = (1 + r)c 0 (τ ) which gives the training level equal to τ h (and workers pay c(τ h ) in the first period to the firm to compensate it for the cost of training). Since all workers have training τ h , the profit levels to the alternative strategies of a firm are given as π 1 = a −(1 +r)δ and
Given the strict convexity of c(.), it is also the case that (1 + r) to τ h even when there are no workers with training τ h , then it is clear that workers would prefer to obtain training τ h rather than τ l . In other words, in a Walrasian equilibrium, if the market for workers with training τ h is closed, then their price (wage) must be zero and there must be excess supply at this price. Yet at zero price, firms will naturally want to hire workers with training level τ h at t = 2 [see also the discussion in Allen and Gale, 1988] . Therefore, if labor with training τ h were priced (even when there are no workers at this training level), the allocation with τ l and φ = 0 would not be an equilibrium. This reasoning immediately establishes Proposition 1 in the text: there is a unique Pareto optimal Walrasian equilibrium.
Nevertheless, the concept of weak competitive equilibrium may appear more relevant than the abstract notion of Walrasian equilibrium which seems to demand even more than usual from the auctioneer (i.e. to price commodities not traded along the 'equilibrium path'). In fact, in many economic applications, the concept of weak competitive equilibrium is used implicitly rather than the Walrasian equilibrium.
However, the allocation with γ = 0 and τ = τ l is not even a robust weak competitive equilibrium. In a game-theoretic sense it is 'unstable' because it does not survive arbitrarily small perturbations.
To demonstrate this in the simplest way, consider an economy E which is the same as the economy above except that firms make a mistake/tremble with probability and choose the opposite of the investment choice they intended (e.g. they invest if they intended not to invest). Then:
Definition 1 Let A be an equilibrium allocation and τ A : [0, 1] → R be a mapping that allocates a training level to each worker in this equilibrium. A satisfies stability iff ∀ν > 0, ∃¯ > 0 such that ∀ <¯ , A ν is an equilibrium of E where in A ν training levels are given by τ ν such that kτ ν − τ A k < ν.
In words, an equilibrium satisfies stability if a small change in the behavior of the firms leads to a small change in the behavior of the workers.
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Proposition 5 Suppose Assumption 3 holds, then the allocation φ = 1 and τ = τ h is the unique weak competitive equilibrium which satisfies stability.
Proof: It is necessary to establish that for all ν > 0, there exists τ ν that is best response to φ = 1 − for all <¯ such that°°τ h − τ ν°°≤ ν. Let w(τ h ) = y + α 1 τ h − a as in Lemma 1. A worker who deviates and chooses τ < τ h will have the lowest training level and thus by Lemma 1 will be matched with the firms that have γ = 0.
He will therefore have a wage rate w(τ ) = y + α 1 τ − b for all τ < τ h . Since the marginal return to τ is still α 1 , τ = τ h is the best-response, thus τ ν = τ h . Therefore, the requirement is satisfied for all ν > 0, and the equilibrium allocation with φ = 1 and τ = τ h satisfies stability.
Next consider the equilibrium allocation with φ = 0 and τ = τ l . From Lemma 1, ∀φ = > 0, by the same argument as in Part C of Proposition 4, τ = τ h is bestresponse, thus τ ν = τ h . So let ν < τ h − τ l , then°°τ l − τ v°°> ν and this allocation does not satisfy stability. QED
The intuition of this result is quite simple. The coordination failure equilibrium was pathological as it relied on one of the markets not transmitting price signals. As soon as there is some activity in all markets such that even commodities not traded along the equilibrium path have the right prices, this equilibrium disappears.
Therefore, the analysis of this appendix confirms the conclusion reached in subsection 2.3 that in the absence of labor market frictions, there is a unique efficient equilibrium.
It is also straightforward to see that the 'coordination failure' equilibrium of section 3 when labor markets are imperfect satisfies the notion of stability introduced in this Appendix. A small fraction of firms investing in the new technology would only have a minimal impact on the expected return to training, and thus workers will only respond by a very small amount to such changes.
